Yangian and Applications 



Cheng-Ming Bai, Mo-Lin Ge 

Theoretical Physics Division, Chern Institute of Mathematics, Nankai University 

Tianjin 300071, P.R. China 

Kang Xue, Hong-Biao Zhang 

Department of Physics, Northeast Normal University, Changchun 130024, P-R- China 

Abstract 

In this paper, the Yangian relations are tremendously simplified for Yangians associated 
to SU{2), SU{3), 5*0(5) and 5*0(6) based on RTT relations that much benefit the realization 
of Yangian in physics. The physical meaning and some applications of Yangian have been 
shown. 

1 Introduction 

Yangian was presented by Drinfel'd ([1-3]) twenty years ago. It receives more attention for the 
following reasons. It is related to the rational solution of Yang-Baxter equation and the RTT 
relation. It is a simple extension of Lie algebras and the representation theory of Y{SU{2)) 
has been given. Some physical models, say, two component nonlinear Schrodinger equation, 
Haldane-Shastry model and 1-dimensional Hubbard chain do have Yangian symmetry. Yan- 
gian may be viewed as the consequence of a "bi-spin" system. How to understand the physical 
meaning of Yangian is an interesting topic. In this paper, there is nothing with mathematics. 
Rather, we try to use the language of quantum mechanics and Lie algebraic knowledge to 
show the eff'ects of Yangian. 
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2 Yangian and RTT Relations 

Let ^ be a complex simple Lie algebra. The Yangian algebra Y{Q) associated to Q was given 
as follows ([1-3]). For a given set of Lie algebraic generators 1^ of Q the new generators Ji, 
were introduced to satisfy 

[Ix,Iix] = Cxn,^Ii,, Cx^n are structural constants; (2.0.1) 

[h.J^ = Cx^.J.\ (2.0.2) 

and, for g ^ sl{2): 

[Jx, [J^^Iv]] - [Ix, [Jfj., Jv]] = axnual3'y{la,ll3,l'y}, (2.0.3) 



where 



O'X^ivafS'Y — ^^CxaaC^/SrCi/^pCfji-p., (2.0.4) 

{xi,X2,xs} = ^ XiXjXk, (symmetric summation); (2.0.5) 



or for g = sl{2): 



[[Jx,J^],[Ia,Jr]] + [[Ja,Jr],[Ix,J^.]] 

= {O'Xfj.uaP'yCaTi' + (^aTval3^Cxiiu){Iai Ifii J^}- (2.0.6) 

When Cxixv = i^x^ui^, fJ-ji^ = 1)2,3), equation (2.0.3) is identically satisfied from the 
Jacobian identities. Besides the commutation relations there are co-products as follows. 

A(/a) = /A(8)1 + 1®/a; (2.0.7) 

A(Ja) = Ja ® 1 + 1 ® Ja + ^Cxf^ul,. ® lu- (2.0.8) 

Further, the Yangian can be derived through RTT relations where i? is a rational solution 
of Yang-Baxter equation (YBE) ([1-12]). 

After lengthy calculations, we found the independent relations for Y{SU{2)), Y{SU{3)), 
Y{SO{5)) and Y{SO{6)) by expanding the RTT relations and also checked through equa- 
tions (2.0.1)-(2.0.3) and (2.0.6) by substituting the structural constants ([13-17]), where RTT 
relation (Faddeev, Reshetikhin, Takhtajan — RFT [18]) satisfies 

R{u - v){T{u) (8) 1)(1 (8) T{v)) = (1 (g) T{v)){T{u) (g) l)R{u - v). (2.0.9) 
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2.1 Y{SU{2)) 

Let Pi2 be the permutation. Setting 



Ri2{u) = PRi2{u) = uPi2 + /; 



u 



Tin) = I+Y: 

n=l 
oo 



-11 



T 

l-'-21 



■12 



(n) ^(n) 



-22 



n=l 



1 /T-.('i) I rp{n) N 
T-,(n) 



and substituting the T{u) into RTT relation it turns out that only 



1, 



r{i). 



'J±- -l-± ,J3 - 

are independent ones. The quantum determinant 

oo 

det T{u) = Tn{u)T22{u - 1) - Ti2{u)T2i{u - 1) = Co + ^ u'^'Cn 

gives 



n=l 



The independent commutation relations of Y[SU{2)) are: 



[-^A, = if^XiiuIu {\,fi,iy = l, 2, 3); 



and (A± = Ai ± iA2) 



[Js,[J+,J.]] = iJ.J+-I.J+)h 



(2.1.1) 



(2.1.2) 



(2.1.3) 
(2.1.4) 

(2.1.5) 

(2.1.6) 
(2.1.7) 

(2.1.8) 
(2.1.9) 

(2.1.10) 



that can be checked to generate all of relations of equations (2.0.1), (2.0.2) and (2.0.6) with 
the help of Jacobi identities. 

The co-product is given through (RFT) as 



ATab = YTac^Tcb. 



(2.1.11) 
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The simplest realization of Y{SU{2)) is 



where 



or 



N 

I = ^ li (i : lattice indices), (2.1.12) 
1=1 

N N 

1 i<j 

Wij = ^ i = j (for any representation of SU{2)) (2.1.14) 
-1 i>j 



Wjk = i cot — (only for spin -, Haldane — Shastry model [19 — 21]), (2.1.15) 

and fii arbitrary constants. Noting that /Xj plays important role for the representation theory 
of Y{SU{2)) given by Chari and Pressley ([22-24]). 

The big difference between representations of Lie algebra and Yangian is in that in Yangian 
there appear free parameters fj,i depending on models. 

Another example for single particle is finite VF-algebra ([25-26]). Denoting by L and B 
angular momentum and Lorentz boost, respectively, as well as D the dilatation operator, the 
set of L and J satisfies Y{SU{2)) where ([13], [25]) 

I = L (2.1.16) 

J = I X B -i(L» - 1)B (2.1.17) 

and 

[^,^^] =«ea/37(2I^-4-4)I^, 4 casimirof 50(4,2). (2.1.18) 

There are the following models whose Hamiltonians do commute with Y{SU{2)). 
• Two component nonlinear Schrodinger equation (Murakami and Wadati [27]) 

#t = -V'xx + 2c|V'|'V', (2.1.19) 

1 = J dx^+{x){^UM^y, (2.1.20) 

/(J ic f o 

dx'il;+{x){-)af}ip/3{x) - — j dxdy£{y - x){-)pxil^^{x)ipa{y)'>Pa{x)ilJ\{y). (2.1.21) 
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• One-dimensional Hubbard model (for N ^ oo, [28]) 

N ■^11 

H = - $^(a+ai+i + a+ + b+bi+i + hf+^bi) - U J^iafui - -){a+ai - -); (2.1.22) 

i=l 1=1 

J± = Ji±iJ2, 

J- = + 

Js = l[T.^iA4aj-btbj) + UY,^i,jI+I-, (2.1.23) 



where 

= kj-i - kj+i^ = { ^ ^ = (2.1.24) 

l-l i>j- 

Essler, Korepin and Schoutens found the complete solutions ([29-30]) and excitation spectrum 
([31]) of 1-D Hubbard model chain. 

• Haldane-Shastry model ([19-21]) whose Hamiltonian is given by a family. The first 
member is 

H2 = T!i4^)(P^J - 1)' (2-1-25) 

where and henceforth the ' stands for i 7^ j in the summation and Pij = 2(8^ • Sj -|- |), 

k 

Zk = exp^'^N, Zij = Zi — Zj. The next reads 

^3 = E'(#^)(^^.^-1)' (2-1-26) 



and 



i,j,k ^iJ^jkZkt 



H,= Y. \ ff^'% )iPm - 1) + H',, (2.1.27) 
H', = -\h, - 2j:'{p^m, - 1), (2.1.28) 



where 



Pijk — ^ijPjk "I" Pjk-Pki ~^ PkiPijj 

Pijkl = Pij PjkPkl + {cyclic for i,j,k and I). (2.1.29) 

The eigenvalues of H2 and Hs have been solved in Ref. [21] and numerical calculations were 
made for H4. The H2 and H3 were shown to be obtained in terms of quantum determinant 
([32]). 
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• Hydrogen atom (with and without monopole, [33]) 



H = — + - — 2--' '^ = P-zeA 

where /x is mass, q = zeg, k = ze^ and g being monopole charge. 
• Super Yang-Mills Theory {N = 4): Y{S0{6)) ([34]) 

' 1 



H = 2j2Y.hij)Pia+i, Kj) = E ^0) = 1 



(2.1.30) 



k 

oc j k=l 
where is projector for the weight j of SU (2) and a stands for "lattice" index. 



(2.1.31) 



2.2 Y{SU{3)) 

For the Yangian associated to SU{3), there are the following independent relations 



[h,In\ = ifxij.ulu, [I\,Jij\ = if\,xuJu (A,/i,z/ = 1,- • • ,8). 



(2.2.1) 



Define 



(2.2.2) 



and represents the corresponding operator for I^\u^\v^^ and After lengthy 

calculation one finds that based on RTT relation there is only one independent relation for 
Y{SU{3)) additional to equation (2.2.1): 

1 



r(l) 7-r(l) T/(l)i 



= ^i{li\u^\vi'^-{I^',U}!>,V}:>}) (2.2.3) 

where {• • •} stands for the symmetric summation. The conclusion can be verified through 
both the Drinfel'd formula (Ca^i/ = if\^,v) and RTT relations with replacing P12 in SU (2) by 



^12 = 3^+2EW 

where A^^ are the Gell-Mann matrices. Setting 

00 

T{u) = ^u-"r("), 



(2.2.4) 



n=0 



rp{n) 



Irpin) 



, rp{n) 



1 rp{n) 



1 +iT^ 



(n) 



lrp{n) rp{n) , 1 rp{n) 



lrp{n) _ 2 rp{n) 



(2.2.5) 



(2.2.6) 
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and substituting them into RTT relation wc find equations (2.2.1)-(2.2.3) are independent 
relations together with the co-product, for example, 



+ ® i7^') - C/W ® V^i)) (2.2.7) 



and others. 

The quantum determinant of T{u) which is 3 by 3 matrix for the fundamental represen- 
tation of gl{3) takes the form 

det3T{u) = Tn{u){T22{u-l)n3{u-2)-T23{u)T32{u-2)} 

-Ti2(n){T2i(n - l)T33{u - 2) - Taal^ " ^)T3iiu - 2)} 

+Ti3iu){T2i{u - 1)T32{U - 2) - T22{U - l)T3i{u - 2)} 

= T.{-irTipAu)T2p,{u-l)T3p,{u-2) (2.2.8) 
p 

where p stands for all the possible arrangements of {pi,P2,P3)- In comparison with the quan- 
tum determinant 

det2r(u)= £ ^ ~ )f ^-(-+'+^)(rWr,y - rgV^^), (2.2.9) 

'■,,l,m=0 ^ ' ' 



now we have 



(rp{k)frp{m)rpip) rp[m)rp{p)^ rp{k) ( rp{m) rpip) rp{m)rp[p)x 

t-'ll 1-^22 -'SS -^23 -'32 ; -^12 (^-'21 -^33 -'23 -^31 



,rp{k),rp{m)rp{p) rp{m) rp{p) -s^ 

"T-'IS V-'21 -^32 -'22 -^31 )S 



= ^u-'^Cn, (2.2.10) 



n=0 



I.e. 



Co = 1, Ci = ro('\ C2 = T(S'^ + + 2(r(S'V - I'> (2-2.11) 

oo 

I' = EIa- (2-2.12) 

A=l 

When we constrain detr(n) = 1 it leads to Y{SU{2)) and Y{SU{S)) that are formed by the 
set {7a, Jx}, a = 1, 2, 3 and a = 1, 2, • • • , 8 for SU{2) and SU{S), respectively. 
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An example of realization of Y(SU{3)) is the generalization of Haldane-Sliastry model 
([19-21]) for the fundamental representation of generators of SU{3): 



(2.2.13) 
(2.2.14) 



i i^j 

where Wy satisfies the same relation as in Haldane-Shastry model given in section 2.1 and 
F^^ are the Gell-Mann matrices. 



2.3 Y{S0{5)) and Y{S0{6)) 
For SO{N) it holds 



[Lij,Lki] - iCfj i^iLst, 



(2.3.1) 



where 

^ij,kl = ^ik^js^lt - ^il^js^kt - ^jk^is^lt + ^jAsht- (2.3.2) 

The rational solutions of YBE for SO{N) were firstly given by Zamolodchikov's ([35]). 
They are also re-derived by taking the rational limit of the trigonometric R-Matrix: 



R{u) = f{u)[u^P + u{A-I- ^P)e + ^le], 



(2.3.3) 



where u stands for spectral parameter and ^ the other free parameter ([36-37]). The elements 
of R{u) are (a, b,c,d = -2, -1, 0, 1, 2) 



[^(«)]cd = U^^ab^bc + u{Sa-bSc-d " ^ac^bd " Ti^adhc)^ + Ti^achdf ■ 



(2.3.4) 



For SO (5), we introduce 



r(i) = e 



3-5 




E+ 











F+ 





-v+ 




F_ 


3 
2 






V- 





-F- 




-u+ 





-V- 




-U- 


—E3 — 



(2.3.5) 



where 



E3 = E22 — E-2-2, F3 = Ell — -E'-i-i, U+ = E21 — £'-1-2, 

V+ = F2-1 — Ei-2, = E20 — -E'o,-2! -P+ = Eio — Eq-i, 

U- = E12 — E-2-lj V- = -£'-12 ~ E-2 E^ = Eq2 — -E-20) 

F- = Eqi — E^iQ. 



(2.3.6) 
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= 2^X& (a, 6= -2,-1,0,1,2). (2.3.7) 

Substituting T^") (only n = 1, 2 are needed to be considered) into RTT relation, there appears 
35 relations for besides the Jacobi identities. However , a lengthy computation shows that 
besides 

[/a,/,]=C^,/, ^^^^^^^^ 

there is only one independent relation 

[Ef\F^^^] = ^^{{U.,E+,F_}-{U+,E_,F+}-{V+,E_,F_} + {V.,E+,F+}), (2.3.9) 
where again { } stands for the symmetric summation. 

A realization of Y{SO{b))\s given as follows. Set 

Iah{x) = l'^iix)iI'^)apM^) («> b = -2, -1, 0, 1, 2), (2.3.10) 



Then 



{^P+{x),^Pp{y)}+ = d{x-y)6af}. (2.3.11) 



Iab = J2^<^b{x), (2.3.12) 



Jab= E eix - y)Ia.{x)lM (2.3.13) 

satisfies the commuting relations for Y{SO{5)). The following Hamiltonian of ladder model 
not only commutes with lab, i-e-, it possesses 50(5) symmetry, but also commutes with Jab- 

H = Hi + Y,H2{x) + Y,H^{x)- (2.3.14) 

X X 

Hi = 2h ^ [ct{x)ca{y)+4{x)da{y) + H.C.]; (2.3.15) 

<x,y> 

H2{x) = U{n^^ -^){nci-^) + {c^d) + V{nc-l){nd-l) + JSc-Sd 

= ^E^a6 + (^^ + ^f^)(V'^^a-2); (2.3.16) 

a<b 

Hsix) = -2h{ct{x)d^{x) + H.C.). (2.3.17) 



Because locally SO{%) ~ SU{4) we introduce (15 generators) 

T^b = lab, = = 1,2, . . . ,6.). (2.3.18) 



and the i?(tt) -matrix reads 

R{u) = f{u)[u^P + u^{A -2P-I) + 2^2/]. (2.3.19) 

The RTT relation gives 4 + 4 + 441 + 315 + 225 more relations. After careful calculations 
one finds ([15-16]) that there are the following independent relations for J^b themselves: 

(2j (2) ^ 

, -^15; -^45} + {-^14, -^25,-^35} 
+{^4, h&, Im} — {hz-, ^26, ^46} — {-^13, hb.Iib} 

-U24, /i5, %} - U24, /16, /36}); (2.3.20) 

rt?>4?] = ^(Ul5,/23,/36} + Ul5,/24,/46} + {/26,/l3,/35} 
+{-^26, -^14, -^45} — {-^25,-^13,-^36} " {-^25, -^14, -^46} 

-{Ae, -^23, ^35} - {Ae, -^24, -^45}); (2.3.21) 

rj{2) /2). _ A.r.{l) r{l)| , rr(l) /Wl , //« 

[-'34! -'56 J — 24'^'- 45 ' -'13 ' -'16 J + 1^45 ' ^23 ' ^26 J + l-'se ' -'M ' -'16 / 

, rr(l) r{l) r rWl r 7(1) rW; 

"'"l-'36 '-'24 i-'26 J l-'35 '-'14 '-'I6 J t-'35 '-'24 '-'26 J 

-{4?'/i?'/ff}-{/£\4\4?})- (2.3.22) 



3 Applications of Yangian 

The first example was given by Belavin ([38]) in deriving the spectrum of nonlinear o model. 
Here wc only show briefly some interpretations of Yangian through the particular realizations 
of Yangian. 

3.1 Reduction of Y{SU{2)) 

The simplest realization of Y{SU (2)) is made of two-spin system with Si and S2 (any dimen- 
sional representations of SU{2)): 

J' = J = (/xSi + + 2ASi X S2), (3.1.1) 

jl + V jJL + V 

that contains the (antisymmetric) tensor interaction between Si and S2. For example, for 
Hydrogen atom Si = L and S2 = K (Lung-Lenz vector). 
For Si = 82 = 1/2, when 

/xl/ = A^ (3.1.2) 
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we prove that after the foUowing similar transformation 

Y = AJ'y4-^ A = 



10 

iA 

a 

1 



(3.1.3) 



the Yangian reduces to SO {4): {p = v + i\ = ^/v'^ + A^e*^) 



Ml 








Li _ 


Ms 


















5^3 



Ml = - 
2 



M2 



p 

p-i 

-ip 

ip-^ 



Li = - 
2 



p-^ 

P 





' -ip-^ ' 




ip 



and 



, Mg = -(T3. 



24 ^ 4 



(3.1.4) 



(3.1.5) 



Namely, under fiu = X^, the Y reduces to 50(4) by M± = Mi it zMs, M+ = /9(7+, M_ 
p-^CT-. The scaled M± and M3 still satisfy the SU{2) relations: 



[Ms, M±] = ±M±, [M+, M_] = 2M3. 



(3.1.6) 



and there are the similar relations for L. 

It should be emphasized that here the new "spin" M (and L) is the consequence of two 
spin(i) interaction. As usual for two 2-dimensional representations of SU{2) (Lie algebra) 



2 ® 2 = 3 (spin triplet) 1 (singlet). 
However, here we meet a different decomposition: 

2 2 = 2(M) ©2(L). 



(3.1.7) 



(3.1.8) 



The idea can be generalized to S'?7(3)'s fundamental representation 

Jx = ul^ + v4 + A/a^, Y1 ^ii^2j, 



[Fi/u, Fju] = ifiJiu\Fi\6ij (A, /x, 1/ = 1, 2, • • • , 8). 



Under the condition 



uv = }? , 



V + iX = p, 



(3.1.9) 
(3.1.10) 

(3.1.11) 
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and the similar transformation 



Y^ = AJ^A-^/{u + v), A 



1 


























u 




u 


i\ 
l/\ 


u 


u 


n 


u 


n 
u 








u 











iX 











iX 


































1 





























u 





iX 











i\ 











ly 























iX 





1/ 





























1 



the Yangian then reduces to 



V3 
3 



p 
















" A3 












u+ 








p 

















pl- 





As 






7_ 









Y{h) = 



1 





pU+ 




As _ 






V- 
pV- 



f 


As 

As 












As 





h 



Y{V-) = 






pV- 










V- 
p 








(3.1.12) 



(3.1.13) 



The usual decomposition through the Clebsch-Gordan coefficients for the representations of 
Lie algebra SU{d) is 3 (g) 3 = 6 ® 3. However, here we have 

303 = 30303, (3.1.14) 



and 



E>3 



1 



u + v 



1 

3' 



(3.1.15) 



A=l ' A=l 

It is easy to check that the rescaling factor p does not change the commutation relations for 
SU{'i) formed by I±, U±, V±, I3 and /g. In general, we guess for the fundamental represen- 
tation of SU (n) we shall meet 

n<Sin = n®n®n + --- + n (n times). (3.1.16) 



Next we consider Yang-Mills gauge field for reduced Y{SU{2)). For a tensor wave function 
{x = {xi,a;2,a;3,a;o}), 

'^{x) = \\i;ij{x)\\ (i,i = 1,2,3,4). (3.1.17) 
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An isospin transformation yields 



*'(x) = U{x)^{x), U{x) = 1 - ?r J„, 



where 



or 



Define 



I.e., 



The gauge-covariant derivative should preserve 

5{D^^) = 0, 



I.e., 



{-id,e%x) + 95A-)[Ya]'^^ - ige%x)A»^[Jb, Ja^ = 0. 



When uv = }? and by rescaling 



Ya = {u + v)Ja, 



we have 



and 



SAl = eabcO\x)Al{x) + 



Here the tensor isospace has been separated to two irrelevant spaces, i.e., ^ 
where and '^2 are 2x2 wavefunction. 



(3.1.18) 

(3.1.19) 
(3.1.20) 
(3.1.21) 
(3.1.22) 

(3.1.23) 

(3.1.24) 
(3.1.25) 
(3.1.26) 

(3.1.27) 

(3.1.28) 

^-1 " 
. *2. 
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3.2 Illustrative examples: NMR of Breit-Rabi Hamiltonian and Yangian 



The Breit-Rabi Hamiltonian is given by 

H = K-S + iJ^B-S, (3.2.1) 

where S = ^ and B = 'B{t) is magnetic field. 

The Hamiltonian can easily be diagonalized for any background angular momentum (or 

spin) K. The S stands for spin of electron and for simplicity K = 81(5*1 = 1/2) is an average 
background spin contributed by other source, say, control spin. Denoting by 

H = Ho + Hi{t), Ho = aSi S2, Hi{t) = iiB{t) ■ 82- (3.2.2) 

Let us work in the interaction picture: 

Hi = flB{t) ■ (e^^Si-Sag^g-iaSi-Sa) ^ ^^(t) • J, (3.2.3) 

J = /iiSi+/i2S2 + 2A(Si X S2), (3.2.4) 

where fii = ^(1 — cosa), ^2 = ^(1 + cosa), A = i^sina. Obviously, here we have /Ui/i2 = A^. 
It is not surprising that the Y{SU{2)) reduces to S0{4) here because the transformation is 
fully Lie-algebraic operation. This is an exercise in quantum mechanics. 

For generalization we regard jii and 112 as independent parameters, i.e., drop the relation 
/X1/X2 = A^. Looking at 

J = /xiSi + /X2S2 - ^(mi + /^2)(Si + S2) + 7(Si + S2) + 2ASi X S2. (3.2.5) 

When 7 = ^, /X2 — Ml = cosa and A = ^sina, it reduces to the form in the interacting 
picture. Putting 

Si -I- S2 = S, 2\ = -^{h is not Plank constant). (3.2.6) 

In accordance with the convention we have 

2 ^ 1 

J = 7S + ^ HiSi + -Si X S2 - -(/XI + H2)S = 7S + Y. (3.2.7) 

i=l 

Since J ^ ^S + J still satisfies Yangian relations, it is natural to appear the term 7S. The 
interacting Hamiltonian then reads 

Hiit) = --fB{t)-S-B{t)-Y. (3.2.8) 
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When Hi = 0, h = 0, it is the usual NMR for spin 1/2. To solve the equation, 



dt 



a=±,3;0 

where {xijXs} is the spin triplet and xo singlet. Setting 



and rescaling by 



B±{t) = Bi{t) ± iB2{t) = Bie^''^°\ and B^ = const. 



a±{t) = e±*'^°*6±(t), 



we get 



.db±(t) 

dt 
. dasjt) 
^ dt 
. dao{t) 
^ dt 



-ji^Biasit) T (a;o7"' - 53)6±W} ± ^/i-5iao(t), 
-^{K{t) + b-{t)} - ^i^.B^aoit), 

- b+m + Bsasit), 



where fi± = (/xi — /Lt2 ± i.e., 











b-{t) 
_ ao{t) _ 


,Hi = 







V2 







-7^1^ -(a;o-7S3) -^/^-^i 
^f^+Bi -^H+Bi 



Noting that Hx is independent of time, we get 

|$(t))=e-^*|$(t)). 



Then 



leads to 



det \Hi -E\=0 



- [{uji - -fB;f + -f'Bj + ^i^+i^-{Bl + Bl)]E^+ 



-/x+M-[S|(a;o - 7S3)' - 2-iB^Bi{uQ - 7B3) + = 
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There is a transition between the spin singlet and triplet in the NMR process, i.e., the 
Yangian transfers the quantum information through the evolution. The simplest case is Bi = 
0, then the eigenvalues are 



E = ±{uo - jB3),E = ±u; = (/xi - 1^2)^ + -j- (3.2.18) 

It turns out that there is a vibration between s = and s = 1. 

< >= at t = ^ (total spin = 0), (3.2.19) 

<s^ >=2 at t = - (total spin = 1). (3.2.20) 
a; 

Under adiabatic approximation it can be proved that it appears Berry's phase. Obviously, 
only spin vector can make the stereo angle. The role of spin singlet here is a witness that 

shares energy of spin=l state. 
Actually, if 

B±{t) = ^osin^e^*'^"*, ^3 = BqcosO, (3.2.21) 

and 

Ixii) = I TT), Ixi-i) = I U), Ixio) = ^(1 Ti) + 1 it)), 

IXoo) = ^(1 Ti) - I it)), (3.2.22) 
then let us consider the eigenvalues of 

F = aSi • S2 - 7^o^3 - qBqJz, (3.2.23) 
under adiabatic approximation which are 



1 0. I 

E± = -(-- ± ^a' + g''Bl,l^^x_), (3.2.24) 

and 

= [2(a^ + g^Bl^,^^,^)]-'l\a' + g^Bli^^i^^fl^ ± a] (3.2.25) 

= [2(a2 +/5oV/^-)]-^/'[^(«^ +5^i?o'M+M-)^/^ T (3.2.26) 

A*— 

We obtain the eigenstates of H besides \xii) {i = 1, 2) 

|x±) = /PVio) + #^|xoo), (3.2.27) 
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where 

1X11 W) ■ 
\Xi-i{t)) ^ 

\x±it)) ^ 

We then obtain 



cos 



e 



^ Xii) + ^ sin^e— o^lxio) + sin^ ^e-'^'^'^'lxi-i), 
sin2 ^e2-°*|xii) - sin^e-o^lxio) + cos^ ^|xi-i), 
-^#^{-sin^e^'^o*|Xii) +^/2cos0|Xio) +sin^e-^"o*|Xi-i)} 
+#Voo). 



(Xii(*)l^lxii(*)) = -^^^o(l - cos6'), 
(Xi-i(i)l^lxii(i)) =^wo(l-cos^), 

(x±(i)l|lx±W)=0. 



The Berry's phase is then 



7l±l = ±^^, O = 27r(l -cos6'), 



(3.2.28) 



(3.2.29) 



(3.2.30) 



whereas 710 = 700 = 0. The Yangian changes the eigenstates of H, but preserves the Berry's 
phase. 



3.3 Transition between S-wave and P-wave superconductivity 

We set for a pair of electrons: 

S : spin singlet, L = 0; 

P : spin triplet, L = 1. 
Due to Balian-Werthamer ([39]), we have 

^(k) = E ^(k, k')§|^ tanh ^E{k'), 

E{k) = {e\k) + \A(k)\^)^. 
Therefore, still by Balian-Werthamer ([39]), we know 



A(k) = A(fe)(^)^ 



yi,o(k) V2ri,-i(k) 



(-^/6)A(fe)(^)^$o,o(k), 



(3.3.1) 
(3.3.2) 

(3.3.3) 
(3.3.4) 

(3.3.5) 
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$o,o(k) = -^{yi,-i(k)xii - yi,o(k)xio + n,i(k)xi-i} = ^ 

where XUiXw and xi-i stand for spin triplet: 



-kz -k4 



(3.3.6) 



$0,0 = $ 



J=0,m=0- 



(3.3.7) 



The wave function of SC is 



Introducing 



V2 



lo,o 
-Yofl 



^m = E'5mW; (m = 1,2,3), 



(3.3.8) 



(3.3.9) 



ihv 



(3.3.10) 



i=l 



and noting that — *■ J^ + fl^j, does not change the Yangian relations, we choose for simplicity 
/ = -i(Ai + A2). Then we obtain for G = k • ( J + /I) 



G<^o,o = k • (J + /I).^o,o = ^(A2 - Ai + y )$o,o, 

G$o,o = k • (J + /I)$o,o = ^(A2 - Ai - ^)</.o,o. 
The transition directionally depends on the parameters in Y{SU{2)). For instance, 

SC^PC: Gct>ofl = ^$0,0, G$o,o = 0, if Ai - A2 = - y , 



and 



PC^SC: G<f>o,o = 0, G$o,o = -^-^0,0, if Ai - A2 = y . 



(3.3.11) 
(3.3.12) 

(3.3.13) 
(3.3.14) 



We call the type of the transition "directional transition" ([40]). The controlled parameters 
are in the Yangian operation. They represent the interaction coming from other controlled 
spin. 

We have got used to apply electromagnetic field to make transitions between I and 
I lb 1 states. Now there is Yangian formed by two spins that plays the role changing angular 
momentum states. 
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3.4 y(S't/(3))-directional transitions 

Setting 

= ^ V. [-^A, F,,] = ifxf^uF,, (3.4.1) 

i 

J^ = Y.^'iFi -^hf^^->^Y.^^3P^PJ^ iW^j = -W^^), (3.4.3) 

[Fl,Ff]=ih^,5ijFi:, (3.4.4) 
where {-F/i} is the fundamental representation of SU{?>) and (i, j, A: = 1, 2, ...,8) 

Aijfe = WijWjk + VF.fcW^iti + WkiWij = -1. (3.4.5) 

(Here, no summation over repeated indices, i ^ j ^ k). The reason that such a condition 
works only for 3-dimensional representation of SU{2>) is similar to Haldane's (long-ranged) 
realization of Y [SU {2)){[19i\) . In SU{2) long-ranged form, the property of Pauli matrices 
leads to (cr^)^ = 0. Instead, for SU{3) the conditions of satisfying Y{SU{3)) read 

^{l-w^j){I+V+U+-U-V-I-+I+V+U+-UrV-I-+I+V+^^ = 0, (3.4.6) 

and 

J2(ltV+U+ - Urvri-) = 0, (3.4.7) 

i 

that are satisfied for Gell-Mann matrices. 



The simplest realization of Y{SU{3)) is then 



Recalling (/g 



fy) 



1 





I > J 

i = j 
i < j 



-W- 








1 



























I+ = 











, u+ = 








1 


, v+ = 



































1 









1 

0-10 




1 
1 




(3.4.8) 



(3.4.9) 
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We find 

= {I±,U±,V±,h,l8}, 

u± = J:^^^ut±hJ2w,,[utiI^-lY,) + I^v^^], 

i i+i 

h = J2f^ilf + hJ2Wij[I+ir-liUtU--V+Vr)], 

where i^i and h (not Planck constant) are arbitrary parameters. Notice again that the simplest 
choice of Wij is given by equation (3.4.8). 

When i = 1,2, Y{SU (2)) makes transition between spin singlet and triplet. Now Y{SU (3)) 
transits SU (3) singlet and Octet. For instance, setting 

I TT-) = \du), IvfO) = -^{\uu) - \dd)), \K-) = \du), \K') = \ds), 
I = ^(-k^) - l^'^") + 2^5-)), I = ^(1^^) + \dd) + \ss)). (3.4.11) 
Special interest is the following. When 

Ml - = -3/i, / = -^(/^i - 1^2), (3.4.12) 
by acting the Yangian operators on the Octet of SU{3), we obtain (see Figure 1) 

7-|7r+ >= -^{^ii - H2)\'rf > + M2)k° > - + 3/i)|?7°' >, 

U+\lf >= -^(mi + 2//2)|r/° > > -^(/^i - + 3/t)|/ >, 

C7_|i^o >= -L(2^, +^2)1??° > +^/^2|7r° > - + 3/1)1/ >, 

>= -^(2^1 + /X2)|r/° > -^/"2|vr° > - + 3/i)|/ >, 

F_|K- >= -^(/^i + 2Ai2)|?7° > > ('"I - + 3/1)1/ >, 

JalvrO >= -^(/^i - M2)|??° > - + 3/1)1/ >, 

Tsl/ >= —ifii - /X2)|/ > -^(/^i - /^2 + 3/t)|/ >, (3.4.13) 
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I.e., 



and 



Figure 1: Representation of SU{3) 

(I± + fl±)\r]^' >= ±2V3h\TT^ >, (17+ + /[/+)!/ >= -2V3h\K^ >, 
(C7_ + /[/-)!/ >= 2V3h\K^ >, (F± + /T4)|/ >= -2V3/i|K^ >, 
(I3 + 7/3)1/ >= -V6/i|7r° >, (Is + //g)!/ >= 2^^|r?° >, (3.4.14) 



(T± + //±)|7r^ >=±y|%o>, 

(17+ + /[/+)|i^o >= --^/^(^/3|7^o > >), 

(c7_ + fu.)\K' >= > >), 

(F± + /y±)|K± >= -^hiVsin' > +\v' », 

ih + //3)|7r° >= y|/i|r/0 >, (Is + fh)\v° >= V^h\rf > . (3.4.15) 

The Yangian operators play the role to transit the Octet states to the singlet state of SU{3). 
Whereas, if 

Ml - M2 = 3/1, / = -^(ywi + M2), (3.4.16) 

with the notations 

(]4(') + /^(i))|/ >=o, A = Ia, (a = ±,3,8), C/±, V±, (3.4.17) 
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we have 

(T± + //±)k^> = Ty|%° > ±2^3%°' >, 

(f7+ + /C/+)|Z°> = ^h{V^\^'>-\rf>)-2V?,h\rf'>, 

{U. + fU.)\K°> = -^/i(V3|7rO>-|7?°>) + 2^3/^1/ >, 

(F± + /y±)|if±> = ^/i(V3|7rO>+|r?o>) + 2^%o'>, 

(73 + //3)k°> = > +V6%0' >, 

(Tg + //8)|r/° > = > -2V2/i|r/°' > . (3.4.18) 

Obviously, in this case the Yangian operators make the transition from the Octet to a "com- 
bined" singlet state of SU (3) . 



3.5 as a new quantum number 

Because [P,3^] = 0, [P,Iz] = 0, [J^ 4] = 0, but [J'^,Jz] + 0, we can take as a 

conserved set. 

First we consider the case Si0S2 0S3, where S\ = = = \- We shall show that 
instead of 6-j coefficients and Young diagrams, can be viewed as a "collective" quantum 
number that describes the "history" besides (S = Si + S2 + S3) and S^- 

As representations of Lie algebra SU{2), we have 

Noting that |^) and |^') are degenerate regarding the total spin ^. The usual Lie algebraic 
base can be easily written as 

</'3 3 = I TTT), 
2 ' 2 

^3 1 = 4=(| TTi) + I Tit) + I ITT)), 



2 ' 2 



>!,_!= ^(1 TU) + 1 iti) + 1 UT)), 

>3 _3 = I iU), (3.5.2) 
2 ' 2 

2 



and the two degeneracy states with respect to S and Sz are given by: 

1 



i/ ^ 

2'2 ^/Q 



1 1 - — (I m) + inT)-2| TTi)), 
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A_i = ^{\ TU) + im)-2| UT)), 

2' 2 -^6 

-/-i,-! = ^(1 Ui) - I iti)). (3.5.3) 



To distinguish (j)' from (p we introduce J: 

3 3 



J = ^tx,S, + i/i^(Si X S,), (3.5.4) 

1=1 i<j 



and calculate J^. It turns out that 

3 1 
J^(?!)3^ = [--:{u\ + u% + u\) + -{uiU2 + U2Uz + uiUz) - h^\^3^^-, 

J^0'i,„i = ^{ul + ul + ul) + ]^uiU2-U2U:i-uiU:i-'^-h^]^'i^^ 
\/3 

— ^(ui -U2 + h){u3 + h)^i^^; 

v^S 3 
= -^(ui-t^2-/i)(n3-/i)$'i„, + [^(ni-tX2)2 

(3.5.5) 

In order to make the matrix of be symmetric (then it surely can be diagonalized), one 
should put 

U2 = ui+ U3. (3.5.6) 

The eigenvalues of are given by 

A3 = 2ui + 2^1 + 3'Ui'U3 — /i^, 

Xf = uf + ul-^h'^ ±1 [{2ul - ul - h^f + 3{ul - h^f]^ . (3.5.7) 
2 4 2 

The eigenstates of are the rotation of 6'i and $ 1 ^ : 

' _ TT .771 

j2q;± = Af af , (3.5.8) 



\ _ / cosf -sinf \ / <t^'i 



a I / \ sm ^ cos ^ 



2 '™ 



2 """" 2 



where 

sin = V3{ul - h^) /u, = {2u\ -u\- }?f + 3(ui -Y?f. (3.5.9) 

It is worth noting that the conclusion is independent of the order, say, (^0^)0^, ^0(^0^) 
and the other way. The difference is only in the value of ^p. 
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The above example can be generalized to Si0S20L where = 5'2 = ^ and = 
l{l + 1). As representations of Lie algebra SU{2), we have 

(^(8)^)(8)^ = (i0o)(g)^ = / + i / i-i 

I (3.5.10) 

There are no degeneracy for Z ± 1, but two I states can be distinguished in terms of 
3 1 

J^$i+l,m = {-{ul + ul) + l{l + l)ul + -UiU2 + 1{U2U3 + U1U3) 

3 1 

J'^^l-l,m = {^{uj + ul) + l{l + l)ul + -U1U2 - (/ + 1)U1U3 - (/ + 1)U2U3 

-h''[i{i + i) + ^m.,,^, 
3 1 

J'^^lm = {4(^1 + ^2) + + 1)'"3 + "2 - U2U3 - U1U3 

-2h^[l(l + l)^]}f U - \lKl + ^){ur - ^2 + h){u3 + h)^l^, 



3^^l^ = -^l(l + l){u^-U2^h){u^~h)-^l 



+[\{u, - U2f + l{l + \)ul - -^^l^. (3.5.11) 
Again in order to guarantee the symmetric form of the matrix we put 

U2 = u\-\-U3, (3.5.12) 
then the eigenvalues and eigenstates of are given by 

A± = u\ + + 1) + ^]ul - h'[l{l + 1) + ^] ± ^Vp, (3.5.13) 



"i,m \ _ f cos^ - sin f ^^ ^ 



a, I \ sin % cos % 

l.m' ^2 1 ' ^ l,m 



where 



As a simple example, we consider the spin structure of rare gas 



(3.5.14) 



uj'^ = P= [2ul -ul- h^{2l{l + 1) - ^)]2 + 4/(/ + l){ul - h^f, (3.5.15) 



H = -aL ■ Si - bSi ■ S2, (A = ^). (3.5.17) 
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It describes the interaction of spin Si of an electron exited from i-shell and the left hole S2. 

1 1 



H 



$2 
l.m 



(a-i6) a^/liTTT) 



The eigenstates of H associated to Z,m are 



a 



Lm 



a 



l.m 



lb 



sm ■ 



$1 

i,m 



cos ^ 
sin ^ cos ^ 



<!>} 

$2 



where 



sm 



a; 



a; 



(i-A)2 + /(/ + !), A 



6 
a 



The eigenvalues are 



+1 



A± = i(a + 6)±l[Z(Z + l)a2 + (|-6)2]i. 



(3.5.18) 



(3.5.19) 



(3.5.20) 



(3.5.21) 



The rotation should be made in such a way that 



which is satisfied if the matrix is symmetric, i.e., 
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{2ul-2h^[lil + l) + l]} 



2(1 -A). 



(3.5.22) 



(3.5.23) 



Therefore, the parameter 7 in Y{SU{2)) determines the rotation angle 99. It is reasonable to 
think that the appearance of "rotation" of degenerate states is closely related to the "quantum 
number" of J^. Transition between and aj^ {I = 1) can be made by J3. Because there 
are two independent parameters ui and in J, one can choose a suitable relation between 



U3 and A = I such that 



(3.5.24) 



i.e., the transition between two degenerate states in Lie-algebra is made trough J3 operator, 
because of 

[J^,Js]^0. (3.5.25) 
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3.6 Happer degeneracy 

In the experiment for ^"^Rf, molecular there appears new degeneracy ([41]) at the special ±Bo 
(magnetic field), i.e., the Zeeman effect disappears at ±Bq. The model Hamiltonian reads 
([42]) {x is scaled magnetic field) 

H = K-S + x{k + ^)S^, (3.6.1) 

where K is angular momentum and = K{K + 1). It only occurs for spin S = 1. It 
turns out that when x = ±1 there appears the curious degeneracy, that is, there is a set of 
eigenstates corresponding to 

E = ~. (3.6.2) 

The conserved set is {'K'^,Gz = + Sz}- For G = K + S we have G = k ±l,k. The 
eigenstates are specified in terms of three families: T, B and D. Only D-set possesses the 
degeneracy. 

Happer gives, for example,the eigenstates for a; = ±1 ([42]): 



x = +1 Haom = {-\)aDm 



(3.6.3) 



and shows that 



r^/,^ Ix/.^ 1m ir AK -m + l)(K + m + l),i 
anm = [2{K + -){K + m+-)]-2{-[^ '-]-2a, 

+ [iK + m){K + m + l)]la2 + [ (-^ " "^K^ + (3 g 4) 

PDm = [2{K + -){K-m+-)]-H[^ ^]2ai 

, , AK -m + l){K + m + l) I a ^\ 

+[{K - m){K - m + l)\2a2 - [- -pas}, (3.6.5) 

where ai = ei (g) e^-i, 0:2 = cq and as = e_i (g) e^+i. 

It is natural to ask what is the transition operator between aom and Pom'^ The answer 
is Yangian operator. In fact, introducing 

J± = aS+ + hK^ ± {s±K^ - s^K±), (3.6.6) 

we find that by choosing a = —^^,b = 0, we have 

Pom ^ >^iim)aDm+i aom ^ >^2im)f3Dm-i; (3.6.7) 
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and by choosing a = |, 6 = 0, we have 

Pom A'i(m)Q;Dm-i and aom ^ A2(m)/3Dm+i- (3.6.8) 

The Yangian makes the transition between the states with B and —B, which here is 
only for S = 1. The reason is that for 5 = 1 there are two independent coefficients in the 
combination of ai,a2 and 0:3 and there are two free parameters in J. Hence the number of 
equations are equal to those of free parameters (a and b), so we can find a solution. The 
numerical computation shows that only S = 1 gives rise to the new degeneracy ([42]) that 
prefers the Yangian operation ([43]). 



3.7 New degeneracy of extended Breit-Rabi Hamiltonian 

As was shown in the Happer's model {H = K- S + x{k+^)S3) there appeared new degeneracy 
for 5 = 1. It has been pointed out that the above degeneracy with respect to Zeeman effect 
cannot appear for spin=i. Actually, in this case it yields for 5 = | ([42]), 

E=-^-0JrnS3, (3.7.1) 



where 



col = [(1 + x^)ik + ^) + 2xm]ik + ^). (3.7.2) 



Therefore if the Happer's type of degeneracy can occurs, there should be ojm = that means 



xo = -^±iy'l-^ (fc = K+l), (3.7.3) 

i.e., the magnetic field should be complex. 

However, the situation will be completely different, if a third spin is involved. For simplicity 
we assume Si = S2 = Ss = ^ in the Hamiltonian: 

H = -(aS2 + 6S3) • Si + xVabSl, A = b/a, (3.7.4) 

then besides two non-degenerate states, there appears the degenerate family: 



where 



= -^^1 Tn> Tit +(1 ± ^)l iTT>; (3-7.6) 
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«J _ 1 = - V2A| iiT> tVx\ in +(1 T VX)\ ni> . (3.7.7) 

^' 2 

The expecting value of Sf are 

<a+ i|5i^|a+ 1 >~ VA(x = 1); (3.7.8) 

<«- , i|5f|a- , 1 >~ -VA (x = -1). (3.7.9) 

namely, at the special magnetic field {x = ±1) the observed < S'f > still opposite to each 
other for a; = ±1, but without the usual Zeeman split. 

The reason of the appearance of the new degeneracy is obvious. The two spins S2 and S3 
here play the role of 5 = 1 in comparison with Happer model. 



3.8 Super Yang-Mills (A^ = 4)-Lipatov model and Y{S0{6)) 

Beisert et al( [44-45]), Dolan-Nappi-Witten (DNW,[34]) and other authors ([46-47]) proposed 
to take the quantum correction of the dilatation operator SD {D G -50(4, 2) is a subalgebra 
of PSU{2, 2|4)) as Hamiltonian for supper Yang-Mills {N = 4): 

= ^ Haa+l, (3.8.1) 

a 

Haa+l = 2j2h{j)Pi^^„ h{j) = j2l^m = l. (3.8.2) 

j k=l 

where is projector for the weight j of SU{2) and a stands for "lattice" index. DNW 
showed that ([34]) 

[H,Y{S0{6))] =0. (3.8.3) 

It turns out that the Hamiltonian H is nothing but Lipatov model ([48]) which was related 
to the Yang-Baxter form by Lipatov ([49]), Faddeev and Korchemsky ([50]). 

Based on Tarasov, Takhtajan and Faddeev([51]) the ^-matrix associated with any spin S 

Riu) = nu-snu + 2s + l) 
Tiu-J)Tiu + J + l) 

where u is spectrum parameter and s the spin (arbitrary). The trigonometric Yang-Baxteri- 
zation ([52]) gives 

R{u) = Y.Pj('')PM i^ = n, (3.8.5) 

j=0 
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where Pj{q) is the g-deformed product with weight j. Taking the rational hmit ([9], [36]) we 
have 

The Hamiltonian for the lattices a and a + 1 

Haa+l = /l X /2 X • • • X J„_i X ^ R(u)\u=o[Rm-^ X ^+2 X • • • (3.8.7) 

au 

is then 

-ff = Hga^i (3.8.8) 

a 

where 

Haa+l = {-V'(-^a+l)-V'(^a+l + l)+V'(l + 2s)+V'(l-2s)-^}|s=0 

= E{-^(-i)-^(i + l) + 2V'(l)-lim^}^'i+i- (3.8.9) 

j 

It describes the QCD correction to the parton model shown by Lipatov ([48-49]). The diag- 
onalization of Lipatov model has probably been achieved by de Vega and Lipatov ([53-54]). 
Noting that the j indicates the block in the reducible block-diagonal form. 
Using 

tp{x + 1) = ip{x) + ^, 

n— 1 -j^ 

ip{x + n) = V(a;) + — —, 

k=0 

^(1) = -c, (3.8.10) 



and hence 



We obtain 



^(j + i) = V(i) + Er = V'(i) + Mi) 

k=i 

V'(-j) = V(l) + h{j) - lim -. (3.8.11) 

X 



H^,a+i = (-2) Yl hU)PL+i- (3.8.12) 



Separating the finite part from the infinity the H is nothing but the SD derived in super 
Yang-Mills {N = 4) with the approximation. Of course, the derivation of SD based on super 
Yang-Mills {N = 4) explores much larger symmetry than Lipatov model. Therefore, DNW's 
result shows that the Lipatov's model possesses Y{S0{6)) symmetry. 
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To obtain 1^(5*0(6)) in terms of RTT relation we start from the rational solution of ^- 
matrix whose general form for 0{N) was firstly by Zamolodchikov and Zamolodchikov ([35]) 
and extended through rational limit of trigonometric Yang-Baxterization ([36]): 

1 a2 
R = u[u--{N- 2)a]P + uuAn + [-ua + y (iV - 2)]/. (3.8.13) 

where u is spectrum parameter and a a free parameter allowed by YBE. Here we adopt the 
convention of Jimbo: 

P,^^ = S25l {A^)f, = 5'^^-%,_a (3.8.14) 

where 

a, b,c,d= [-(^— ), -(^— ) + 1' • • • , (^-)] (3.8.15) 

and AT = 2n + 1 for and N = 2n for C„, 
The R-matrix is given by 

R = RP = u{u- 2a)I + u{2u - a)P + 2uaAN, (3.8.16) 

that coincides with Zamolodchikov's S-matrix (up to an over all factor considering the CDD 
poles) with a = 1 and u = j^. Actually, Zamolodchikov's S-matrix is universal, i.e., model 
independent. 

S{e) = R{u) = Q^{u)u{u-2)[I + —P + —An] 

= Q^{u)u{u-2)[I--P+^—AmI 

u u — 2 

Q^{u) = ^7'"x (3-8.17) 

where A = j^r^, = iXu. The spectrum parameter u is one-dimensional, but u can be taken 
to be the cut-off in 4-dimensional quantum field theory, for example 

w-lnA^, (3.8.18) 

where is Lorentz invariant, i.e., scalar. This is the reason why asymptotic behavior of 
quantum field theory model may be related to Yang-Baxter system. The Bethe Ansatz for 
S{9) with iS'0(6) was discussed by Minahan and Zarembo ([46]). 
For given R(u) one can easily obtain Hamiltonian by 

H = [^^R{u)]\u=o, (3.8.19) 
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for 0{N). 

However, the essential connection between Lipatov model and >S'0(6)-RTT formulation is 
still missing. 



4 Remarks 

Although there has been certain progress of Yangian's application in physics, there are still 
open questions: 

(1) How can the Yangian representations help to solve physical models, in particular, in 
strong correlation models? 

(2) Direct evidences of Yangian in the real physics. 

(3) What is the geometric meaning of Yangian? 
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